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A B S T R A C T

A first-principles model was used together with experimental data obtained in-house to

validate a semi-empirical modeling approach for predicting frost accretion on hydrophilic

and hydrophobic substrates. An algebraic expression for the frost thickness as a function

of the time, the modified Jakob number, the humidity gradient, and the surface contact angle

was devised from frost formation theory. At this stage, the correlation was fitted to 956 ex-

perimental data points for natural convection conditions spanning different surface

temperatures and supercooling degrees, with the modified Jakob number ranging from 0.79

to 1.30, and contact angles ranging from 45° (hydrophilic) to 160° (hydrophobic). When com-

pared to the experimental data for the frost thickness, the proposed semi-empirical model

showed errors within ±15% bounds, and an average predictive error of 11.7%. Since the model

carries the contact angle as an independent parameter, a sensitivity analysis of the frost

growth rate in relation to it is also reported.
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Introduction

In most refrigeration applications, evaporator frosting is an
undesirable aspect as it depletes the cooling capacity by adding
an extra thermal insulation layer, and additionally it in-
creases the air-side pressure drop by reducing the free flow
passage, thus requiring the compressor to run longer cycles
to promote the same desired cooling effect. In modern systems,
however, air-supplied evaporators are designed to be robust
to frost clogging either by choosing a proper defrost strategy
(e.g., defrost heater type, power, and positioning; see Melo
et al., 2013) or managing an optimal defrost cycle (i.e., time
between defrost operations; see Radcenco et al., 1995). For
this purpose, simulation models for evaporator frosting pre-
diction have been advanced and improved in the past few
decades. Silva et al. (2017), for instance, brings about a com-
prehensive review of the most influencing simulation models
available in the open literature. Those models were devised
aiming not only at improving accuracy but also at account-
ing for new features, such as multidimensional frost distribution
(Knabben et al., 2011) and fan-coil hydrodynamic coupling
(Silva et al., 2011).

In general, as a rule of thumb, frost formation models are
initially devised for simplified geometries (as flat plates or
parallel-plate channels) before being implemented for more
complex geometries, such as fin-and-tube heat exchangers
(Popovac et al., 2015). Table 1 summarizes some of the key simu-
lation models developed for simplified geometries since the
early 1980s. It is important to note that, although most models
account for the temperature and humidity variations within
the frost layer (which is typically modeled as a porous medium),
the air-frost interface condition has been treated as satu-
rated until recent times (El Cheikh and Jacobi, 2014; Loyola et al.,
2014), despite the recognized importance of the supersatura-
tion degree in the frost nucleation and accretion processes
(Hermes et al., 2009; Piucco et al., 2008) and its influence on
model accuracy.

Nomenclature

Roman
D diffusivity of water vapor in air [m2 s−1]
DCA dynamic contact angle [rad]
isv latent heat of sublimation (=2.83 × 106) [J kg−1]
Ja modified Jakob number
L plate length [m]
Le Lewis number
m mass flux [kg m−2 s−1]
p pressure [Pa]
Ra Rayleigh number
Sh Sherwood number
T temperature [°C]
t time [s]
u velocity [m s−1]

Greek
δ frost thickness [m]
ϕ relative humidity
θ static contact angle [rad]
ρ density [kg m−3]
ρf frost density [kg m−3]
ω humidity ratio [kgv kg−1]

Subscripts
a Moist air
f Frost
i Ice
s Frost surface
sat Saturation
w Plate surface

Table 1 – Summary of some influential studies on frost growth modeling.

Author Origin Porous
Medium

Geometry Initial condition Thermal
Conductivity

Air-Frost
Interface

Thickness
[mm]

Density
[kg m−3]

Model

O’Neal (1982) USA Yes Channel 0.05 40 Sanders (1974) Saturated
Sami and Duong (1989) Canada Yes Flat plate – – Yonko and Sepsy (1967) Saturated
Tao et al. (1993) Canada No Flat plate 0.1 92.84 Their own Saturated
Le Gall et al. (1997) France Yes Flat plate 0.1 25 Auracher (1986) Saturated
Lee et al. (1997) S. Korea No Flat plate – – Lee et al. (1997) Saturated
Luer & Beer (2000) Germany Yes Channel 0 various Auracher (1986) Saturated
Cheng and Cheng (2001) China No Flat plate – Hayashi et al. (1977) Brian et al. (1969) Saturated
Na and Webb (2004) USA Yes Flat plate 0.02 30 Sanders (1974) Saturated
Hermes et al. (2009) Brazil Yes Flat plate 0.001 their own Lee et al. (1997) Saturated
Kandula (2011) USA Yes Flat plate 0 their own Kandula (2011) Saturated
Cui et al. (2011) China Yes Channel 0 nucleation model Cubic lattice model Saturated
Hermes (2012) Brazil Yes Flat plate 0.001 their own Lee et al. (1997) Saturated
Loyola et al. (2014) Brazil Yes Channel 0.001 Nascimento et al. (2015) Hermes (2012) Supersaturated
El Cheikh and Jacobi (2014) USA Yes Flat plate 0.0001 40 O’Neal and Tree (1985) Supersaturated
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Another issue that has gained recent attention is the in-
fluence of the surface microscopic characteristics (i.e. contact
angle, roughness, etc.) on the macroscopic properties of the
frosted media. For instance, Sommers et al. (2016) analyzed the
properties of a growing frost layer for surfaces of varying
wettability to determine the influence that the surface energy
exerts on the frost thickness and density. In a follow-up study
by the same group (Sommers et al., (2017b), a semi-empirical
frost density correlation was proposed being able to predict
more than 93% of the data to within a 20% error band and is
proposed for use on surfaces with contact angles ranging from
45° to 160°, relative humidity from 0.40 to 0.80, and plate tem-
peratures from −13 °C to −5 °C under natural convection
conditions.

Muntaha et al. (2016) proposed a model for frost buildup
on periodic rectangular microgroove surfaces, which takes
the effect of surface wettability into account by considering
the variation of the initial frost thickness and density which
result from the variation of the surface micro-roughness. It
is worth noting that the model itself carries no explicit
information about the surface characteristics, which have
been incorporated into it by means of artificial initial condi-
tions from experimental data obtained elsewhere (Rahman
and Jacobi, 2013). The paper focused on micro-roughness,
and the range of contact angles for which the model is
applicable has not been reported.

In addition to the first-principles models summarized in
Table 1, various empirical and semi-empirical models for pre-
dicting the frost thickness have also been proposed in the
literature (Iragorry et al., 2004). Schneider (1978), for instance,
proposed the following algebraic expression for the time-
evolution of the frost thickness,
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where ki and ρi are the thermal conductivity and density of
ice, isv is the latent heat of sublimation, and Tm is the melting
point of ice. Eq. (1) is valid for forced convection (4000< Re
<32000), -30< Tw <-5°C, 5< Ta<15 °C, and 60< t <480 min. Shin
et al. (2003) proposed the following empirical correlation for
the frost thickness:

δ = + ⋅( ) − ⋅( )0 0852 0 00134 0 6954 0 00154. . . .DCA DCAt (2)

where DCA is the dynamic contact angle. Although this model
accounts for surface wettability, it should be pointed out that
this correlation was developed for a very specific set of oper-
ating conditions (Tw = –22 °C, Ta = 12°C, RH = 48%) and for
hydrophilic surfaces only (DCA~23-88°), and thus does not have
broad applicability.

To the authors’ best knowledge, there exists a need in the
literature for a model capable of predicting the frost accre-
tion on substrates spanning a wide range of contact angles.
The present paper fills this gap by presenting and validating
a semi-empirical algebraic model for frost accretion on both
hydrophilic and hydrophobic substrates. Since the model carries

the contact angle as an independent parameter, a sensitivity
analysis of the frost growth rate in relation to the contact angle
is also reported.

Formulation

Most frost formation models have been formulated based on
the following assumptions: quasi-steady, one-dimensional mass
and heat diffusion within the frost layer; uniform frost thickness;
and the Lewis analogy is applicable.Therefore, both frost growth
and densification processes can be represented by the overall
mass balance in the frost layer represented in Fig. 1, yielding

δ ρ ρ δd
dt

d
dt

mf
f+ = (3)

where the first term on the left-hand side represents the den-
sification of the frost layer as a function of time, and the second
term represents the frost layer growth rate. It has been dem-
onstrated in the literature (Nascimento et al., 2015; Negrelli et al.,
2016) that, for low velocities, the frost mass behaves linearly
with time, M~t, as depicted in Fig. 2, in such a way that the
mass flux of water vapor, m, is constant over time. Addition-
ally, the frost density can be expressed in the following form:

ρ ρf i
n t= −CJa (4)

where C may be either a constant (Hermes et al., 2014) or a
function of the surface contact angle and the relative humid-
ity (Sommers et al., 2017b), n = 3/2 for flat surfaces (Hermes
et al., 2014) and n = 3/4 for parallel plate channels (Nascimento

Fig. 1 – Physical model for frost growth and densification
over a vertical flat surface under natural convection.

166 i n t e rna t i ona l j o u rna l o f r e f r i g e r a t i on 8 7 ( 2 0 1 8 ) 1 6 4 – 1 7 1



et al., 2015), respectively, and Ja=(cp/isv)(Tdew-Tw)/(ωair-ωsat,w) is the
modified Jakob number, as introduced by Hermes et al. (2014).
Substituting the time-derivative of Eq. (4) into Eq. (3), one can
obtain the following ordinary-differential equation for the frost
growth rate:

d
dt t

m
ti

n

δ δ
ρ

+ =
−2 CJa

(5)

where m/ρiCJa−n is constant over time. The analytical solu-
tion of Eq. (5) yields the following expression for the time
evolution of the frost thickness:

δ
ρ

t
m

t
b
ti

n
( ) = +−CJa

(6)

To further improve the model accuracy, it is convenient to
write the mass flow rate as m = ρaDΔωSh/L, where D is the water
vapor diffusivity in air [m2 s−1], and L is the plate length in the
flow direction. Under forced convection conditions, the Sher-
wood number scales with both Reynolds and Prandtl numbers,
Sh~RemPr1/3, where m ≈ 1/2 for laminar and 4/5 for turbulent
flows. On the other hand, under natural draft conditions the
Sherwood number scales with Rayleigh and Lewis numbers,
Sh~RamLe1/3, where Le≈1 for moist air under atmospheric con-
ditions, and m ≈ 1/4 for laminar and 1/3 for turbulent flows.
Therefore, Equation (6) can be rewritten as
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where the coefficients a [s1/2] and b [m s1/2], and exponents m
and n (≈3/4~3/2) must be best-fitted to the experimental data
to come out with a semi-empirical correlation for the

time-evolution of the frost thickness, δ(t). One may expect both
the a and b coefficients to be functions of the contact angle,
the former due to the surface effects on the density and the
latter to account for the initial condition δ(t = 0+) for the frost
thickness, where t = 0+ denotes the time when the frosting
process becomes macroscopic so that the proposed model –
which has been based on the continuum – is applicable.

An inspection of Eq. (7) reveals two asymptotes in the time
domain, one related to the first term (~t1/2) and another to the
second term (~t−1/2) both on the right-hand side of the equa-
tion, the former related to frost growth and the latter to frost
decay over time, as depicted in Fig. 3. On thermodynamic
grounds, however, no frost decay is possible for a positive mass
gradient (DΔω/L) such that the model must be applicable from
the time when dδ/dt=0 (i.e., t = 0+) on. Therefore, taking the de-
rivative of Eq. (7) with respect to time and setting it equal to
zero, the initial condition for the macroscopic frost growth
model can be calculated as follows:
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Substituting Eq. (8) into Eq. (7) yields the following expres-
sion for the initial condition for the frost growth model:
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Discussion

The correlation was derived using natural convection data from
Sommers et al. (2017a) for three different surfaces each having
a different static equilibrium contact angle: a baseline surface
S1 (θ = 81.9°), a hydrophilic surface S3 (θ = 45.3°), and a hydro-
phobic surface S2 (θ = 158.9°). Details about the various operating
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Fig. 2 – Experimental data showing the linear relationship
(R2 > 0.99) between the frost mass and the time for low air
velocities (Data from Negrelli et al., 2016).

Fig. 3 – Schematic illustration of the asymptotes in Eq. (7).
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conditions that were examined can be found in Table 2. Ad-
ditional details about the surfaces and the experimental setup
including sample images of the frost layer can be found in
Sommers et al. (2016).

Using the data associated with the 28 cases for natural con-
vection conditions shown in Table 2 (N > 950), a multiple
regression analysis was performed to find the best-fit values
for the correlation form shown in Eq. (7). In performing this
least-squares error analysis, it was discovered that the depen-
dence on Sherwood number (Sh) was found to be small for
natural convection conditions, as 5.3×107<Ra<1.9×108 in these
experiments, so this term was removed from the correlation.
The density ratio (ρa/ρi) was also removed from Eq. (7), as it is
fairly constant in the temperature range considered (see Table
2). Next, the following correlation form was tried:

δ ω θ
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The form of the numerator in the second term (the former
b coefficient shown in Eq. 7) was chosen because of the de-
pendence of the frost layer height on surface wettability,
especially at small times (i.e. t~0+). It should be noted that this
term depends on the static contact angle of the surface and
was selected following experimentation with various func-
tional forms. Multiple regression analysis was then performed
again to find the best-fit values for C1, C2, n and k. The expo-

nents n and k were found to be very close to 1.5 and 0.5,
respectively.Thus, these coefficients were fixed at these values,
and the regression analysis was performed a final time to find
the new best-fit values for C1 and C2. The following expres-
sion for the frost thickness was arrived at
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where the surface contact angle θ is given in radians, time t
is in seconds, and thickness δ in mm. It should be pointed out
that the least-squares regression analysis derived value of
n = 3/2 for the modified Jakob number agrees well with earlier
studies (Hermes et al., 2014). It should be emphasized that Eq.
(11) is valid for t>0+ as the second term blows up as t→0.

When compared to the experimental frost thickness, the
new correlation predicted 94.8% of the data to within ±20% of
the measured value. Stated another way, the average predic-
tive error for all the non-zero data was 11.7% (N = 930).
Predicting early frost thickness values is quite difficult due to
the rapid changes in the frost layer for t<0+, when both heat
and mass transport are not ruled by diffusion. It should be
pointed out that this difficulty is true for all frost thickness
models (not just this model) but is not of great consequence
since longer time frost thickness values are typically of greater
importance from an application point of view. Overall, the new
proposed correlation predicted 92.1% of the baseline data, 98.9%
of the hydrophobic data, and 92.5% of the hydrophilic data to
with ±20% of the experimental frost thickness value.

Fig. 4 shows a comparison between the predicted and ex-
perimental frost thickness with ±15% error bounds. Fig. 5 shows
the measured frost thickness as a function of time on the three
test surfaces compared against the new correlation for differ-
ent operating conditions. Good agreement is noted in all the
cases.

Table 2 – Summary of experimental frost growth
conditions.

No. Surface Ta (°C)* Tw (°C)* RH** Ja

1 S1 21.9 −8.3 80% 0.82
2 S1 21.8 −6.3 80% 0.79
3 S1 18.9 −12.2 60% 1.18
4 S1 22.7 −10.4 60% 1.00
5 S1 22.6 −8.1 40% 1.17
6 S1 23.1 −10.2 40% 1.22
7 S1 23.0 −12.6 40% 1.30
8 S1 20.4 −8.0 60% 1.01
9 S1 18.0 −7.2 80% 0.92

10 S1 22.6 −5.3 60% 0.88
11 S2 21.6 −8.5 60% 0.99
12 S2 20.5 −8.5 80% 0.87
13 S2 23.5 −7.4 40% 1.12
14 S2 22.5 −10.5 40% 1.26
15 S2 23.8 −11.7 40% 1.24
16 S2 18.6 −10.2 60% 1.14
17 S2 20.2 −11.8 60% 1.12
18 S2 23.2 −11.7 40% 1.27
19 S2 21.6 −12.3 60% 1.08
20 S2 23.6 −7.5 40% 1.12
21 S2 19.9 −8.9 80% 0.90
22 S3 20.4 −10.1 80% 0.91
23 S3 20.5 −11.1 80% 0.92
24 S3 22.9 −9.7 60% 0.97
25 S3 23.0 −7.5 60% 0.91
26 S3 20.8 −7.0 80% 0.83
27 S3 19.0 −9.4 60% 1.10
28 S3 21.9 −11.3 60% 1.05

* test average.
** ± 2-3% (typical).

Fig. 4 – Comparison between experimental and predicted
frost thickness values for all data.
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Based on Eqs. (8), (9) and (11), one can show that the initial
conditions for the macroscopic frost growth model can be cal-
culated as follows:
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Table 3 compares the values obtained from Eqs. (12) and (13)
for Ja varying from 0.5 to 1.5, and θ ranging from 45° to 135°.
One can see in Table 3 that the highest initial calculated time
(12.7 s) was observed for the highest θ and lowest Ja, being more
sensitive to the latter. Such a value is quite small in compari-
son to the whole time-domain (~7200 s). Table 3 also shows
the calculated values for the initial frost thickness calculated
using Eq. (13). Unlike the initial times, which represent a small
fraction (~10−5 %) of the whole period, calculated values for the
initial frost thicknesses of up to 0.86 mm were found (in this
case, for the highest θ and Ja), which represent ~10-25% of the
total thickness. An inspection of Table 3 also reveals that the
initial thickness is quite sensitive to the contact angle, varying
by 0.25 mm from 45° to 135°. This can therefore be quite im-
portant when trying to model the growth of the frost layer
accurately. Hence, there are two options for predicting the frost
thickness over time, namely: (i) the use of Eq. (11) as is, or (ii)
the use of Eq. (13) together with one of the simulation models
discussed in Table 1.

It is noted that the first term on the right-hand side of Eq.
(11) is ruled by the modified Jakob number, whereas the
second one is driven by the contact angle, θ. The sensitivity
of the frost thickness in relation to these two parameters
relies on the derivatives of δ with regard to Ja and θ,
which can be calculated as follows in their semi-normalized
form:
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Ja
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Fig. 6 illustrates Eqs. (14) and (15) for Ja = 1, θ = 90° and Δω/L
= 0.1 m−1. One can see in Fig. 6, which shows the relative varia-
tion produced by θ and Ja on δ, that the second term (related
to θ) plays a dominant role in the early stages of frost forma-
tion (see dashed line), being overtaken by the first term (related
to Ja, solid line) after a little while.The θ-term decreases whereas
the Ja-term increases asymptotically with t , the latter being
dominant most of the time. It is clear from Fig. 6 that the contact
angle plays a minor role on the macroscopic frost thickness,

Fig. 5 – Predicted frost thickness as a function of time
versus the experimental data for the three surfaces under
different operating conditions: (a) baseline surface S1 (θ =
81.9°), (b) hydrophobic surface S2 (θ = 158.9°), and (c)
hydrophilic surface S3 (θ = 45.3°).

Table 3 – Initial conditions calculated from Eqs. (12) and
(13) for different Ja and θ (Δω/L = –0.1 m−1).

θ Ja t (0+) [s] δ (0+) [mm]

45 0.5 8.5 0.30
90 0.5 10.4 0.40
135 0.5 12.7 0.52
45 1 5.1 0.42
90 1 6.2 0.54
135 1 7.5 0.71
45 1.5 3.8 0.51
90 1.5 4.6 0.66
135 1.5 5.6 0.86
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whereas the modified Jakob number governs the frost growth
process. An inspection of Fig. 6 together with Table 3 reveals that
the contact angle effect is more pronounced in the early stages
of frost formation for lower modified Jakob numbers.

Conclusions

A first-principles model was considered in conjunction with
in-house experimental data to put forward a semi-empirical
correlation for predicting the frost accretion on hydrophilic and
hydrophobic substrates under natural draft conditions. An al-
gebraic expression for the frost thickness as a function of the
time, the modified Jakob number, the humidity gradient, and
the surface contact angle was formulated. When compared to
experimental data for the frost thickness, the proposed semi-
empirical model showed an average predictive error of 11.7%.
An inspection of the time-scale of the proposed correlation re-
vealed that the initial time (in which the macroscopic approach
is applicable) represents a small fraction (about 10−5 %) of the
whole period, so that it may be set to zero. In contrast, the initial
frost thickness represents about 10-25% of the total thick-
ness, becoming important to ensure model accuracy. A
sensitivity analysis revealed that the contact angle plays a rela-
tively minor role on the macroscopic frost thickness, whereas
the modified Jakob number dominates the frost accretion
process. A similar model for frost build-up on flat surfaces under
forced convection conditions is under development, and will
be subject matter for a further publication.
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